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Question 3 


Intent of Question 

The primary goals of this question were to assess a student’s ability to (1) compute a probability based on a 
weighted mixture of two populations; (2) compute a conditional probability; and (3) recognize a binomial random 
variable and compute the probability associated with it. 

Solution 


Part (a): 


Let L denote left-handed, M denote multiple birth, and S denote single birth. 
The probability that a randomly selected child born in the region 1s left-handed 1s: 


P(L) = P(M)P(L| M) + P(S)P(L | S) = (0.035)(0.22) + (0.965)(0.11) = 0.0077 + 0.10615 = 0.11385. 
Part (b): 


From part (a), P(L) = 0.11385. Therefore, 


pcm | L) = PuLand M) _ (0.035)(0.22) _ 0.0077 


P(L) oiges Oises 





Part (c): 


Let X represent the number of children who are left-handed in a random sample of 20 children from the 
region. X has a binomial distribution with n = 20 and p = 0.11385 (found in part (a)). Using the binomial 


distribution, 
P(X > 3) =1-P(X <2) 
20 20 20 
=1- ( : )(0.11385)" 0.88615)" - ( }(0.11385)'(0.88615)" - ( ; )(0.11385)?¢0.88615)" 


~1—0.598 = 0.402. 
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Question 3 (continued) 
Scoring 
Parts (a), (b), and (c) each scored as essentially correct (E), partially correct (P), or incorrect (1). 
Part (a) is scored as follows: 


Essentially correct (E) if the probability 1s computed correctly, AND work is shown that includes correct 
numerical values using a formula, end results from a tree diagram, or some other appropriate strategy. 


Partially correct (P) if the response provides a reasonable strategy for finding the probability, such as a 
formula or tree diagram, but uses one or more inappropriate values; 

OR 
if the response gives the correct probability but not enough work is shown to determine how that probability 
was found. 
Incorrect (I) if the response does not meet the criteria for E or P. 
Note: A reasonable strategy needs to include summing the results of two multiplications. 


Part (b) is scored as follows: 


Essentially correct (E) if the probability 1s computed correctly, with work shown that includes appropriate 
numerical values for both the numerator and denominator. 


Partially correct (P) if the response includes a numerator and denominator in calculating the conditional 
probability, with one appropriate term (numerator or denominator) and the other inappropriate. 


Incorrect (1) if the response does not meet the criteria for E or P. 


Note: Appropriate values include incorrectly calculated values from part (a). 
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Question 3 (continued) 


Part (c) is scored as follows: 


Essentially correct (E) if the response satisfies the following five components: 


I. 


rai aoe 


Uses a calculation based on the binomial distribution to find the probability of the number of children 
in the sample who are left-handed. 

Specifies appropriate values for n and p. 

Uses correct endpoint value for the probability. 

Uses correct direction to calculate the probability of at least three left-handed children. 

Correctly calculates a binomial probability consistent with the previous work. 


Partially correct (P) if the response satisfies component | and only two or three of the other four components; 


OR 


if components 2, 3, 4, and 5 are met, and the response does not explicitly indicate the binomial distribution is 
used by name or formula. 


Incorrect (1) if the response does not meet the criteria for E or P. 


Notes: 
e “Appropriate” values include incorrectly calculated values from part (a) or a recalculated probability 
from part (b). 
e Anunlabeled numerical value in a calculator statement cannot be used to satisfy a component. 
e A response which calculates P(X < 3) satisfies component 3 but does not satisfy component 4. 
e A normal approximation to the binomial is not appropriate because np = 20 x 0.11385 = 2.277 <5. 
A response using the normal approximation can score at most P. To earn a score of P, the response 
must include all of the following: 
© acorrect mean and standard deviation based on the binomial parameters 
o clear indication of boundary and direction with a z-score or diagram 
o the probability computed correctly 
Notes for all parts: 


If the resulting probability or part of the calculation of the probability uses a value that is not between 
0 and 1, inclusive, the score for that part is lowered by one level (that is, from E to P, or from P to I). 
An arithmetic or transcription error in a response can be ignored if correct work is shown. For 
example, 0.0077 + 0.10615 = 0.1385. 
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Question 3 (continued) 


Complete Response 

Three parts essentially correct 
Substantial Response 

Two parts essentially correct and one part partially correct 
Developing Response 

Two parts essentially correct and no parts partially correct 
™ One part essentially correct and one or two parts partially correct 
OR 

Three parts partially correct 
Minimal Response 

One part essentially correct 


OR 
No parts essentially correct and two parts partially correct 
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3. Approximately 36 percent of all children born in a certain region are from ynultiple births (that is, twins, triplets, 
etc.). Of the child¢en born in the region who are from multiple births, 22 percent are. left-handed, Of the children 


born in the region who are from single births, 11 percent are left-handed. 
Sy pees ttt, 


(a) What is the probability that a randomly selected child born in in the region is left-handed? 
“ me mulip  L-(el} 

Se ge ge tigi | 

2 tert runded PCM ALY = CHILLY > 0071 

: » murhiyte heh - “ 

035 apt hgh handed. POM PY = CUS C-164.2 OS PCL = ~ W365 


} «fl (cH handed. Pisa = LiQOSVCH = ANGIE 
ge ee P(RIT +B8OIS 
SS nigh hateded P (SARA CAWSIE ESI = 6 855HS 


f Licht huansed) = ((.o3s1-2y] + (Gays) CANN} 


(P Gott harden = «1139 | 


(b) What is the probability that a randomly selected child born in the region is a child from a multiple birth, 
_Biven that the child selected is left-handed? Se ee 


ss refer te tree above 
PCN) 


“ly> 
P(MIy acu 


60077 - 
p (ML > MSY 
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(c) A random sample of 20 children bom in the region will be selected. What is the probability that the sample 
will have at least 3 children who are left-handed? 
n= = pt > - 1134 
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Approximately 3.5 percent of all children born in a certain region are from multiple births (that is, twins, triplets, 
etc.). Of the children born in the region who are from multiple births, 22 percent are left-handed. Of the children 
born in the region who are from single bitths, 11 percent are left-handed. 

(a) What is the probability that a randomly selected child bom in the region is left-handed? 


Pa = 22. 


Po: - | 


~ 


0.92 + 0. = 0.33 


The proabilhY Anat a randomly setected 
Child born in this region WS le handed! 


I (). 23 ov 33%. 


(b) What is the probability that a randomly selected child bor in the region is a child from a multiple birth, 
given that the child selected is left-handed? 


pA 035 P(A B)= .035( 0.33) 
P(A\B) P(B)=.33 = O17. 
Where P(A) 8 Ae probatily strat sine child 18 -om 
Q Mure With ond Pia) is re probabslety du 
Hine child iS le honda. 


P(A\8) = PANG) _ 012 nay 


Qe 


(8) 0. 33 
The probability tot o ronclornty, selected chil loon 
in He reaon 18 O Gril from myo die given Mo 
Ane Child setotla is lett onde 1S -03l or 3.9%. 
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(c) A random sample of 20 children born in the region will be selected. What is the probability that the sample 
will have at least 3 children who are left-handed? 


(7) 20 nly 3 


IMO (- 33) (1-.33) = ys 
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Question 3 
Overview 


The primary goals of this question were to assess a student’s ability to (1) compute a probability based on a weighted 
mixture of two populations; (2) compute a conditional probability; and (3) recognize a binomial random variable and 
compute the probability associated with it. 


Sample: 3A 
Score: 4 


In part (a) the response has a well-labeled tree diagram with the events and corresponding probabilities on the 
branches. The multiplication is shown at the end of each branch using correct notation, and the symbols are defined 
above the tree. The response clearly indicates which branches have been used to find P(L) at the end of the tree and 


then summarizes the arithmetic below the tree. Part (a) was scored as essentially correct. In part (b) the same 
symbols used in part (a) are found. The formula for the conditional probability is given using the symbols defined in 
part (a). The probabilities, as found in the tree and corresponding to the symbols, are given in the numerator and 
denominator of the fraction. The final probability is correctly calculated. Part (b) was scored as essentially correct. In 
part (c) the response indicates how the probability of x equal to & is found. This statement satisfies component 1. 
The response clearly indicates the value for n and the probability of being left-handed as found 1n part (a). These 
statements satisfy component 2. The response gives the statement 

p(x = 3) =1-[(p(« = 0)) + p(x = 1) + p(& = 2)], which includes the correct value for the endpoint of the 


cumulative distribution and the direction used to calculate the probability, satisfying components 3 and 4, 
respectively. Although not necessary, each of these calculations is shown. The final probability is correctly 
calculated, satisfying component 5. Part (c) was scored as essentially correct. Because the three parts were scored as 
essentially correct, the response earned a score of 4. 


Sample: 3B 
Score: 2 


In part (a) the response does not weight the conditional probability of left-handed children of multiple births by 
the probability that a child 1s from a multiple birth nor does the response weight the conditional probability of the 
left-handed children of single births by the probability the child is from a single birth. Because this is not a 
reasonable strategy to find a weighted probability, part (a) was scored as incorrect. In part (b) the correct formula 
for a conditional probability is given. The incorrect value for P(M ~ L) from part (a) is used and 1s identified at 


the top of the page. The incorrect value for P(L) from part (a) 1s used. Because the response clearly identifies the 


quantities and carries the quantities from part (a), the quantities were scored as appropriate as specified in the note 
for part (b) in the scoring guidelines. The statement “The probability a child is left handed given they’re from a 
multiple birth” was overlooked in the scoring. Part (b) was scored as essentially correct. In part (c) the response 
uses the calculator notation for the function binomcdf(20, .667, 2) and labels the parameters. Component | 1s 
satisfied with the function statement. Labeling 20 as trials satisfies the n portion of component 2. However, the 
value labeled as “prob” is the value labeled in part (b) as “probability a child is left handed given they’re from a 
multiple birth.” In part (a) the response defines the “probability a randomly selected child 1s left-handed is .33.” In 
part (c) the response specifies binomcdf(20,.667,2) and labels the parameters, satisfying component |. The 
probabilities defined in parts (a) and (b) are used and component 2 is satisfied. Component 3 1s satisfied with the 
statement P(L > 3). There is poor notation in the equation as 1 — P(L < 2) should equal 


1 — (binomcdf(20,.667,2), but that was overlooked. The calculator notation does indicate the correct endpoint for 


the complement and the correct direction. Component 4 1s satisfied. The calculation is incorrect for the given p, 
so component 5 1s not satisfied. Because component | and two of the other four components are satisfied, part (c) 
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Question 3 (continued) 


was scored as partially correct. Because one part was scored as essentially correct, one part was scored as partially 
correct, and one part was scored as incorrect, the response earned a score of 2. 


Sample: 3C 
Score: 1 


In part (a) the response does not weight the conditional probability of left-handed children of multiple births by 
the probability that a child is from a multiple birth nor does the response weight the conditional probability of the 
left-handed children of single births by the probability the child is from a single birth. Because this is not a 
reasonable strategy to find a weighted probability, part (a) was scored as incorrect. In part (b) the probability 
P(B) calculated in part (a) is used. The probability that a child is left-handed and from a multiple birth is 


incorrect because these events are not independent. Because the numerator of the conditional probability is 
incorrect, part (b) was scored as partially correct. In part (c) the binomial distribution is attempted with the 


ee Eos 20). : 
formula given, satisfying component |. Because the combination 3 is standard notation, component 3 is 


satisfied, and the portion of component 2 requiring the identification of 7 is satisfied. The portion of component 2 
requiring p is satisfied because the probability from part (a) is used in the binomial formula. The probability of 

x = 3 1s calculated correctly, satisfying component 5. However, no direction is given, and component 4 is not 
satisfied. Because component | and three of the other four components are satisfied, part (c) was scored as 
partially correct. Because two parts were scored as partially correct, and one part was scored as incorrect, the 
response earned a score of 1. 
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